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Abstract. Motivated by the construction of H. Endo and Y. Gurtas, chang- 
ing a positive relator in Dehn twist generators of the mapping class group 
by using lantern substitutions, we show that 4-manifold X3#2CP 2 equipped 
with the genus two Lefschetz fibration can be rationally blown down along six 
disjoint copies of the configuration C2. We compute the Seiberg-Witten invari- 
ants of the resulting symplectic 4-manifold, and show that it is symplectically 
minimal. Using our example, we also construct an infinite family of pair- 
wise non-diffeomorphic irreducible symplectic and non-symplectic 4-manifolds 
homeomorphic to M = 3CP 2 #(19 - fc)CP 2 for 1 < k < 4. 



1. Introduction 

There is a beautiful interplay between the algebra and topology when one studies 
a Lefschetz fibration structure on a smooth 4-manifold. To every Lefschetz fibra- 
tion over S 2 , one can associate a factorization of the identity clement as a product 
of positive Dehn twists in the mapping class group of the fiber, and conversely, for 
such a factorization in the mapping class group, there is a corresponding Lefschetz 
fibration over § 2 [20] . By the remarkable work of Donaldson |T2l [13] , every closed 
symplectic 4-manifold admits a structure of Lefschetz pencil, which can be blown 
up at its base points to yield a Lefschetz fibration. Conversely, Gompf [20] showed 
that if g > 2, then the total space of a genus g Lefschetz fibration admits a sym- 
plectic structure. As one changes the identity word by conjugations and relations of 
the mapping class group, the corresponding Lefschetz fibration also changes topo- 
logically. There are many efforts in trying to understand what all the relations in 
the mapping class groups mean topologically. One of the well understood relations 
is the lantern relation, which corresponds to the symplectic operation of rational 
blowdown [T61H4]. 

In this article, we start with the genus two Lefschetz fibration on JT3#2CP 2 
over S 2 with global monodromy given by the relation g = (t C5 t Ci t C3 t C2 t Cl ) 6 = 1 
in the mapping class group M2 of a closed genus two surface, where each Cj is a 
simple closed curve as in Figure [5] and t Ci is a right handed Dehn twist along the 
curve i = 1, • • • , 5. We factorize the monodromy of the given Lefschetz fibration 
by a series of conjugations and braid relations to get a word upon which we can 
perform six lantern relation substitutions. Applying these lantern substitutions 
change the total space of our Lefschetz fibration topologically as a six rational 
blowdowns on i^3#2CP 2 . Furthemore, using the Seiberg-Witten invariants, we 
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show that the resulting symplectic 4-manifold is homeomorphic but not diffeomor- 
phic to 3CP 2 #15CP 2 and symplcctically minimal. We would like to point out that 
the goal of this paper is not to construct exotic smooth structures on very small 
4- manifolds with 62 + = 3, but rather to use the lantern relation substitutions to 
study smooth structures on various 4-manifolds. The study of exotic 4-manifolds 
with small Eulcr characteristics has been carried out by the first author and B. D. 
Park in [1] [2j |3] . In a follow-up paper [4] , we discuss in a greater detail the use of 
other monodromy substitutions in the mapping class group to study exotic smooth 
structures on 4-manifolds with 62 + > 3. 

In the following three sections, we present some background material and recall 
some results which will be needed in this paper. Section 2 discusses some well-known 
relations in the mapping class group, which will be used in our computations and 
study. In Section 3, we give a brief background information on Lefschctz fibrations, 
provide some examples that will be used to illustrate discussions in the paper, and 
prove various results that will be needed in the sequel. In Sections 4 and 5, we 
recall the rational blowdown technique of Fintushel and Stern, provide the theorem 
proved by H. Endo and Y. Gurtas relating the lantern substitution to the rational 
blowdown operation, state results of R. Gompf on rational blowdown along smooth 
—4 sphere, and discuss the knot surgery operation of Fintushel-Stern, respectively. 
Finally, in section 6, we prove our main theorems. 

2. Mapping Class Groups 

Let E s denote a 2-dimensional, closed, oriented, and connected surface of genus 
g > surface. 

Definition 1. Let Diff + denote the group of all orientation-preserving dif- 
feomorphisms S g — > E 9 , and Diff^ (E g ) be the subgroup oiDif '/+ (S g ) consisting 
of all orientation-preserving diffcomorphisms S g — > S g that are isotopic to the iden- 
tity. The mapping class group M„ of S g is defined to be the group of isotopy classes 
of orientation-preserving diffeomorphisms of S g , i.e., 

M g = Diff+ (E 9 ) (E ff ). 

Definition 2. Let a be a simple closed curve on S s . A right handed Dehn twist 
t a about a is the isotopy class of a self-diffcomophism of E ff obtained by cutting 
the surface T, g along a and gluing the ends back after rotating one of the ends 2ir 
to the right. 

Notice that the conjugate of a Dehn twist is again a Dehn twist. Indeed, if 
/ : Yi g — > £ g is an orientation-preserving diffcomorphism, then it is easy to check 
that / o t a o / _1 = t/( Q ). Next, we briefly mention some relations that hold in 
the mapping class group M g . This elementary fact and relations will be used quite 
often in our computation in Section 6. 

2.1. Commutativity and Braid Relation. Let a and /3 be two simple closed 
curves on 

Lemma 3. If a and ft are disjoint, then we have the following commutativity 
relation: t a tp — tpt a . If a and ft transversely intersect at a single point, then the 
corresponding Dehn twists satisfy the following braid relation: t a tpt a = t^t a t^. 

For a proof see [22] . 
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2.2. Lantern Relation. Let So, 4 be a sphere with 4 boundary components. 

Lemma 4. If Si , S 2 , S3 , 64 are the boundary curves of £0,4 ct, /3, 7 are </ie 
simple closed curves as shown in Figure^ then we have 

tjtpt a tg 1 t$ 2 tfi 3 t§ 4 , 

where tg i , 1 < i < 4, denote the Dehn twists about Si. 

For a proof see [55] . 




Figure 1. Lantern Relation 



This relation was known to Dehn. Later on it was rediscovered by D. Johnson 
and named as lantern relation by him [22] . For more results on lantern relation see 
[23]. 

3. Lefschetz Fibration 
Let us first recall the definition of Lefschetz fibration. 

Definition 5. Let X be a compact, connected, oriented, smooth 4-manifold. A 
Lefschetz fibration on X is a smooth map / : X — > S^, where is a compact, 
oriented, smooth 2-manifold of genus h, such that / is surjective and each critical 
point of / has an orientation preserving chart on which / : C 2 — > C is given by 
f(z 1 ,z 2 ) = Zl 2 + z 2 2 . 

It is a corollary of the Sard's theorem that / is a smooth fiber bundle away from 
finitely many critical points, say pi, • ■ • ,Pk- The genus of the regular fiber of / is 
defined to be the genus of the Lefschetz fibration. If a fiber passes through critical 
point set pi, • • • ,Pk, then it is called a singular fiber which is an immersed surface 
with a single transverse self-intersection. A singular fiber can be described by its 
monodromy, an element of the mapping class group M g , where g is the genus of 
the Lefschetz fibration. This element is a right handed Dehn twist along a simple 
closed curve on S, called the vanishing cycle. If this curve is a nonscparating curve, 
then the singular fiber is called nonseparating, otherwise it is called separating. For 
a genus g Lefschetz fibration over S 2 , the product of right handed Dehn twists t ai 
along the vanishing cycles a^, for i = 1, • • • , k, gives us the global monodromy of 
the Lefschetz fibration, the relation t ai ■ t a2 ■ ■ -t ak = 1 in M g . Conversely, such 
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a relation defines a genus g Lefschetz fibration over S 2 with the vanishing cycles 

Oil, ■ • • , ttfc. 

Let ci, C2, C3, C4, and C5 be the simple closed curves as in Figure [5] For conve- 
nience we shall denote the right handed Dchn twists t Ci along the curve c, by Cj. It 
is well-known that the following relations hold in the mapping class group M^: 

(ciC 2 C 3 C4C 5 2 C4C 3 C2Ci) 2 = 1, 

(!) (C1C2C3C4C5) 6 = 1. 

(C1C2C3C4) 10 = 1. 

For each relation above, we have a corresponding genus two Lefschetz fibra- 
tions over S 2 with total spaces CP 2 #13CP 2 , A3#2CP 2 , and the Horikawa surface 
if, respectively. In this paper, we will consider genus two Lefschetz fibration on 
A3#2CP 2 with global monodromy (C1C2C3C4C5) 6 = 1. The monodromy substitu- 
tions on other families of Lefschetz fibrations have been studied in [4] . 

The following result is well-known. For the convenience of the reader, we sketch 
the proof. 

Lemma 6. The genus two Lefschetz fbration on K3ff2C¥' 2 over S 2 with the mon- 
odromy factorization (C1C2C3C4C5) 6 = 1 can be obtained as the double branched cov- 
ering o/CP 2 #CP 2 branched along a smooth algebraic curve B in the linear system 
\6L\, where L is the proper transform of line L in CP 2 avoiding the blown-up point. 

Proof. We closely follow the proof of Lemma 3.1 in [5], see also the discussion in 
[BJ. Let D denote a degree d algebraic curve in CP 2 . Fix a generic projection 
7T : CP 2 \pt — >• CP 1 whose pole does not belong to D. According to the work of 
B. Moishezon and M. Teicher, the braid monodromy describing a degree d branch 
curve D in CP 2 is given by a braid factorization. In fact, it is shown that the 
braid monodromy around the point at infinity in CP 1 , which is given by the central 
element A 2 in B^, can be written as the product of the monodromies about the 
critical points of the projection map n. More precisely, the following factorization 
A 2 = (<7i • • • ad-i) d holds in the braid group Bd, where at is a positive half- twist 
exchanging two points, and fixing the remaining d — 2 points. 

We first degenerate the smooth algebraic curve B in CP 2 #CP 2 into a union of 
6 lines in a general position (see Figure [5]) . The braid group factorization corre- 
sponding to the configuration B is given by A 2 = (o-\020~ 3 o~40^ . By lifting this 
braid factorization to the mapping class group of the genus two surface, we obtain 
that the monodromy factorization (C1C2C3C4C5) 6 = 1 for the corresponding double 
branched covering. 

Notice that a regular fiber of the given fibration is a two fold cover of a sphere 
with homology class / = ft. — ei branched over 6 points, where h denotes the 
hyperplane class in CP 2 . Thus a regular fiber is a surface of genus two. The 
exceptional sphere e\ in CP 2 #CP 2 , which intersects / = h — e\ positively at one 
point, gives rise to two disjoint —1 sphere sections to the given genus two Lefschetz 
fibration on f\3#2CP 2 . 

□ 

Below we prove key Proposition, which plays an important role in the proof 
of our main Theorems. The following proposition also gives an alternative and 
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convenient way of thinking the genus two Lefschetz fibration on ££73#2CP 2 over S 2 
with the monodromy (C1C2C3C4C5) 6 = 1. 

Proposition 7. The genus two Lefschetz pencil on K3 with two base points given 
above can be constructed by symplectic fiber summing two copies of E(l) = CP 2 ^9CP' 
along a regular torus fiber. 

Proof. Since the fiber of the elliptic fibration on £7(1) = CP 2 #9CP 2 is a blow up of 
a generic cubic curve in CP 2 , its homology class is equal to / = 'Ah — e\ — e2 — ■ ■ • — eg, 
where h denotes the hypcrplane class in CP 2 and Cj is the homology class of the 
exceptional sphere of the i th blow-up. We first consider the pencil of lines in 
CP 2 all passing through the fixed point pi away from the cubic curve C in CP 2 . 
Observe that each generic line L, which is a sphere of self-intersection 1, in this 
pencil intersects the cubic curve C at three distinct points by Bezout's Theorem. 
Furthermore, by applying the Riemann-Hurwitz formula to the restriction of the 
map 7r : CP 2 \ p\ —> CP 1 to C, we compute the degree of the ramification divisor 
R: deg{R) = 2g(C) - 2 - 3(2.g(CP 1 ) - 2) = 6. Consequently, for a generic smooth 
cubic C, there are exactly six lines in the pencil above that are tangent to C. 

Next, we choose the regular torus fiber F along which the fiber sum of two 
copies of £7(1) = CP 2 #9CP 2 will be performed. Since the generic elliptic fiber of 
£7(1) = CP 2 #9CP 2 intersects the lines of the corresponding pencil at three points 
(see Figure^]), the generic line of the pencil in each £7(1) intersects the boundary of 
£7(1) \ v(F) in three disjoint circles. We choose an identity gluing diffemorphism ijj 
that identities these circles as in Figure [3] to obtain a pencil of genus two curves in 
£7(2) = £73 surface. Since the pencils in each copy of £7(1) are holomorphic and the 
gluing map on the boundary 3-torus is identity on the elliptic fiber, the resulting 
genus two pencil is holomorphic as well. By holomorphically blowing up this genus 
two pencils at base points of the pencil p\ and P2 in £73 surface, we obtain the 
genus two holomorphic fibration on A'3#2CP 2 . This holomorphic fibration has six 
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singular fibers resulting from the gluing of six tangent lines mentioned above in each 
copy of E(l). These singular fibers are not a Lefschetz type, and each singularity 
is topologically a sphere. Furthermore, using the analysis of the singular fibers, we 
see that each singular fiber can be perturbed into five Lefschetz type singularities 
with non-separating vanishing cycles (see the braid monodromy discussion in [5], 
page 5). Finally, using the result of B. Siebcrt and G. Tian, Theorem A in [25], 
on holomorphicity of genus two Lefschetz fibration, we see that the fibration is 
isomorphic to the to the one given in Lemma [5] The isomorphism of fibrations also 
follows from the proof of Lemma[5] (see also discussion in [5], page 5) by considering 
the degree, and the braid monodromy of the ramification divisor. First, we view the 
fiber sum of two copies of E(l) as a two-fold ramified branched cover of E(l) along 
the smooth divisor in the class 6/i — 2ei — 2e2 — • • • — 2eg = 2Fe(i) = 2(— Ke(i)), 
twice the anticanonical divisor of E(l). A pencil of lines in CP 2 with one base point 
gives rise to a pencil of lines in E(l) with one base point assuming that we blow 
up the pencil 9 times away from the basepoint. Since a generic line in the pencil, 
which has class h, intersects the ramification divisor 6ft. — 2e\ — 2e2 — • • • — 2eg at six 
points, it determines a genus two pencil under two-fold cover. Notice that the braid 
monodromy of a smooth plane curve of degree six (i.e., of a ramification divisor), 
can be computed by degenerating it into the union of six lines in generic position 
and given by (C1C2C3C4C5) 6 = 1. □ 

Remark 8. This description of the genus two pencil allows us to see rim tori 
and Gompf nuclei in elliptic surface K3 (See Example [9] below and [19] for an 
explanation) . 



Figure 3. A Braided Genus Two Surface via Fiber Sums of E(l) 

Example 9. In this example, we study K3 surfaces E(2) = E(l)#j2E(l) in 
some detail. Let us think of K3 surface as the fiber sum of two copies of E(l) = 
CP 2 #9CP 2 along a torus fiber as in Proposition [T] We choose the following ba- 
sis for the intesection form of E(l): < f = 3h — e.\ — ... — eg, eg, e\ — e2, e2 — 
63, •■■ j 67 — e§, —h + eQ + ej + es >. Note that the last 8 classes can be represented 
by spheres of self-intersection —2 and generate the intersection matrix —Es, where 
Eg, the matrix corresponding to the Dynkin diagram of the exceptional Lie algebra 
E a . The class / is fiber of an elliptic fibration on E(l) = CP 2 #9CP 2 and e 9 is a 
sphere section of self-intersection — 1 . When we perform the fiber sum along torus 
to obtain E(2), it is not hard to see the surfaces that generate the intersection 
form 2(— Es) © 3H for E(2), where H is a hyperbolic pair. The two copies of the 
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Figure 4. The Pencil of Genus Two Curves in K3 surface 



Milnor fiber $(1) G E(l) are in E(2), providing 16 spheres of self-intersection —2 
(corresponding to the classes {ei — e2, e 2 — e^, • ■ ■ , e7 — eg, — h + e§ + ej + eg} 
mentioned above), realize two copies of —Eg. One copy of hyperbolic pair H comes 
from a torus fiber / and a sphere section a of self-intersection —2, i.e. from the 
Gompf's nucleus N(2) in E(2). The remaining two copies of H come from 2 rim 
tori and their dual —2 spheres (see discussion in [20], page 73)). These 22 classes 
(19 spheres and 3 tori) generate H 2 of E(2). Since c\{E{n)) = (2 — n)f, E(2) has 
a trivial canonical class. 



4. Rational Blowdown and Lantern Relations 

The basic idea of the rational blowdown surgery is that if a smooth 4-manifold X 
contains a particular configuration C p of transversally intersecting 2-sphcrcs whose 
boundary is the lens space L(j> 2 , 1 — p), then one can replace C p with rational ball 
B p to construct a new manifold X p . If one knows the Scibcrg-Witten invariants of 
the original manifold X, then one can determine the same invariants of X p . Below 
we briefly discuss the rational blow-down. We refer the reader to [HI [24] for full 
details. 

Let p > 2 and C p be the smooth 4-manifold obtained by plumbing disk bundles 
over the 2-sphere according to the following linear diagram 

-(p + 2) -2 -2 

• • » 

Up-l U p _2 Ui 

where each vertex ui of the linear diagram represents a disk bundle over 2-sphcre 
with the given Euler number. 

According to Casson and Harer [7], the boundary of C p is the lens space L(p 2 ,l — 
p) which also bounds a rational ball B p with tti(B p ) = Z p and ni(dB p ) —> tt 1 (B p ) 
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surjective. If C p is embedded in a 4-manifold X then the rational blowdown man- 
ifold X p is obtained by replacing C p with B p , i.e., X p = (X \ C p ) U B p . If X and 
X \C P are simply connected, then so is X p . 

Lemma 10. b+(X p ) = b 2 +(X), a(X p ) = a{X)+(p-l), a 2 (X p ) = Cl 2 {X) + (p-l), 
and Xh(X p ) = Xh{X). 

Proof. Notice that the manifold C p is negative definite, we have b2 + (X p ) = b2 + (X) 
and b 2 ~(X p ) = b 2 ~(X) - (p - 1). Thus, a{X p ) = a(X) + (p - 1). Using the 
formulas ci 2 = 3a + 2e and \h = (cr + e)/4, we have c\ 2 (X p ) — 3a(X p ) + 2e(X p ) = 
3(a(X) + (p - 1)) + 2(e(X) - (p - 1)) = Cl 2 {X) + (p - 1) and X/l (X p ) = (<r(Jf) + 
(p-l) + e(X)-(p-l))/4 = Xh (X). 

□ 

Theorem 11. |16| 124] . Suppose X is a smooth 4-manifold with b 2 (X) > 1 which 
contains a configuration C p . If L is a SW basic class of X satisfying L ■ Ui = for 
any i with 1 < i < p — 2 and L ■ u p _i = ±p, then L induces a SW basic class L of 
X p such that SW Xp (L) = SWx(L). 

Theorem 12. |16U24j // a simply connected smooth A-manifold X contains a con- 
figuration Cp, then the SW-invariants of X p are completely determined by those of 
X. That is, for any characteristic line bundle L on X p with SWx p {L) ^ 0, there 
exists a characteristic line bundle L on X such that SWx(L) = SWx p {L)- 

In this paper we only use the rational blowdown surgery along configuration C 2 , 
i.e. the rational blowdowns along the —4 spheres. 

In Section 6, we shall use the following theorem of H. Endo and Y. Gurtas. 

Theorem 13. Let g, g' be positive relators of A4 g and M e , M g i the corresponding 
Lefschetz fibrations over S , respectively. If g' is obtained by applying a lantern 
substitution to g, then the A-manifold M g i is a rational blowdown of M e along a 
configuration C 2 C M e . 

We will also need the following lemmas, which are due to R. Gompf, to analyze 
the symplectic 4-manifolds constructed in Section 6. For the proof we refer the 
reader to [19] and [9]. See also the work of J. Dorfmcister [8l |9| who gives a 
related criteria on symplectic minimality and how the symplectic Kodaira dimension 
changes under the rational blowdown along a symplectic —4 sphere (see also related 
work in |10j). 

Lemma 14. Let (X, Vx) be a relatively minimal smooth pair with Vx an embed- 
ded —4 sphere. If X contains a smoothly embedded exceptional sphere transversely 
intersecting the hypersurface Vx in a single positive point, then the manifold ob- 
tained under —4 blow-down of Vx is diffeomorphic to the blow-down of X along 
this sphere. 

Lemma 15. Let (X, Vx) be a relatively minimal smooth pair with Vx an embedded 
—4 sphere. If X contain two disjoint smoothly embedded exceptional spheres each 
transversely intersecting the hypersurface Vx in a single positive point, then the 
manifold obtained under —4 blow-down ofVx is diffeomorphic to the blow-down of 
X along one of these spheres. 
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5. Knot Surgery 

Let X be a 4-manifold with bi + (X) > 1 and contain a home-logically essential 
torus T of self-intersection 0. Let N(K) be a tubular neighborhood of K in 1S 3 , and 
let T x D 2 be a tubular neighborhood of T in X. The knot surgery manifold Xk is 
defined by X K = (X\(Tx D 2 )) U (S 1 x (S 3 \N(K)) where two pieces are glued in a 
way that the homology class of [pt x 3D 2 } is identifed with [pt x A] where A is the class 
of the longitude of knot K. Fintushel and Stern proved the theorem that shows 
Seiberg-Wittcn invariants of Xk can be completely determined by the Seibcrg- 
Witten invariant of X and the Alexander polynomial of K [17]. Furthermore, if X 
and X \ T are simply connected, then so is Xk- 

Theorem 16. Suppose that ni(X) = Tr±(X \T) = 1 and T lies in a cusp neighbor- 
hood in X . Then Xk is homeomorphic to X and Seiberg- Witten invariants of Xk 
is SWx K = SWx ■ (t 2 ), where t — t? and Ak is the symmetrized Alexander 
polynomial of K . If the Alexander polynomial Ajf(i) of knot K is not monic then 
Xk admits no symplectic structure. Moreover, if X is symplectic and K is a fibered 
knot, then Xk admits a symplectic structure. 

We refer the reader to [17] for the details. 

6. Construction of exotic 4-manifolds via lantern substitution 

In this section, we first construct a simply connected, minimal symplectic 4- 
manifold X homeomorphic but not diffeomorphic to 3CP 2 #15CP 2 starting from 
-fr'3#2CP 2 and applying the sequence of six rational blowdowns via lantern sub- 
stitutions. Next, by performing knot surgery on a homologically essential torus of 
self-intersection 0, we obtain an infinite family of simply connected, symplectic and 
non-symplectic 4-manifolds all homeomorphic but not diffemorphic to X. Using 
Seiberg- Witten invariants, we distinguish their smooth structures. 

Theorem 17. There exists an irreducible symplectic 4-manifold X homeomorphic 
but not diffemorphic to 3CP 2 #15CP 2 that can be obtained using the genus two 
Lefschetz fibration on X3#2CP 2 over S 2 with global monodromy given by the rela- 
tion g = (C5C4C3C2C1) 6 = 1 in the mapping class group Mi by applying six lantern 
substitutions. 

In order to prove this theorem, we first prove the following two lemmas. 

Lemma 18. The word C5C4C3C2C1C5C4C3C2C1 in the mapping class group Mi can be 
conjugated to contain the lantern relation in three different ways. 

Proof. Below we denote the lantern relation substitution, the braid relation substi- 
tution, the conjugation, and the arrangement using the commutativity by A , 

, — > , ~ respectively. For the convenience of the reader, we have highlighted the 
changes that occur in each step. 

Let us consider the following cases 

• Making the lantern substitution c^c\c^ for c^Sx. 

C 5 C4C3C2CiC5C4,C 3 C2Cl 
~ c 5 ( c 4) • C3C2C5C1C5C1C4C3 • c -i(c 2 ) 
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Cl 



C2 / / 




f fc"T*^~ 1 









Figure 5. The curves c±, c 2 , C3, C4, and C5 




Figure 6. Special Curves fc, h 




Figure 7. Special Curves k, h 

~ c 5 (C4) • C3C2 • C§cf • C4C3 • c -i (c 2 ) 

A C5 (c 4 ) • C3C2 • c 3 6x ■ C4C3 • c -i (c 2 ) 

• Making the lantern substitution C1C3C1C3 for khc^. 
C5C4C3C2C1C5C4C3C2C1 
— C5C4C5C3C2C4C1C3C2C1 
~ C5C4C5 • C3 (c 2 c 4 ) ■ c?c§ • c -i(c 2 ) 
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C5C4C5 ■ C3 (c 2 c 4 ) ■ khc 5 ■ -1 (c 2 ) 
• Making the lantern substitution C3C5C3 for C\kh. 

— C5 (c 4 ) • C 5 C 3 C2C 5 C3 • (c 4 ) C3 ■ C1C2C1 
~ c 5 (c 4 ) • c 3 (c 2 ) • C§ci ■ C -1(C4) ' C1C2C1 

A C 5 (C4) ■ c 3 (c 2 ) ' Clfc/l • c -i(C4) • C1C2C1 

□ 

Applying the above lemma several times, we next show how the word g = 
(C5C4C3C2C1) 6 = 1 can be conjugated to contain six lantern relation. 

Lemma 19. The global monodromy of genus two Lefschetz fibration on K'3#2CF 2 
over S 2 given by the relation g = (C5C4C3C2C1) 6 = 1 can be conjugated and braid 
substituted to contain six lantern relations. 

Proof. We start with the identity word: (C5C4C3C2C1) 6 = 1 

By applying three identities of Lcmma llSl we can convert the word (C5C4C3C2C1) 6 = 



((C5C4C3C2C1) 

~ c 5 (c 4 )- 

C\kh ■ -1 (c 4 

C 3 


into the following word: 
C3C2 • c 3 Sx ■ C4C3 • c -i (c 2 ) • C5C4C5 • C3 (C2C4) • khci 
) • cic 2 ci 




• C5 (C4] 


•c 3 (c 2 ) 


C5 (C4) 


cAci) 
■ c 3 (c 2 ) 


c 3 c 2 • C3 (Sx) • C3 (c 4 ) • c§ • Ci -i(c 2 ) ■ cf ■ c-A c i) ■ 
■ c\kh ■ .-1(04) ■ C1C2C1 

L 3 


c 3 (c 2 C 4 ) 




C-AC2) 


B 
-> 

cA^i) 


cA C i) 
■ cAc-2, 


• c 3 c 2 • C3 (5x) • C3 (c 4 ) • 4 ■ C-AC2) ■ 4 ■ c-Aci) ■ 

■ Cxkh ■ .-1(04) • c 2 cic 2 

L 3 


c 3 (c 2 C 4 ) 


fc/lC5 • 


C-AC2) 


C 5 (C4) 


cA c i) 

■ c 3 (c 2 ) 


• c 3 c 2 ■ Cs (Sx) • C3 (c 4 ) ■ 44 ■ Ci -i(c 2 ) • c -i(c 4 ) ■ 
• Cikh ■ r -i(c 4 ) • c 2 cic 2 

L 3 


=3 (c 2 c 4 ) • 






L 

cA c i) 


C5 ( c 4) 
• c 3 (c 2 ) 


■ c 3 c 2 • C3 ( Sx ) ' c 3 (c 4 ) ■ cikh ■ c -i(c 2 ) • C -A c i) ■ 

■ c\kh ■ .-1(04) • c 2 cic 2 

L 3 


cAc 2 ca) ■ 


AS/IC5 • 




C 5 (C4) 


cA^i) 
■ c 3 (c 2 ] 


• C3C2C1 • C3 (fa) • C3 (c 4 ) • kh ■ c -i(c 2 ) • c -i(c 4 ) • 

• Cifc/l • r -i(c 4 ) • C 2 CiC 2 

c 3 


c 3 (c 2 C 4 ) ■ 






C 
-> 

C5 (C4) 


C\C2-c 
■ C 3 (C2] 


5 (c 4 ) ■ c 3 c 2 ci ■ C3 (<5x) • C3 (c 4 ) • kh ■ -1 (c 2 ) • -1 (c 4 ) 

1 5 

■ akh ■ c -i(c4) ■ c 2 


• C3 (c 2 c 4 ) • khc 5 




cAa) 


cA^) ■ 

■ c 3 (c 2 ) 


cic 2 c 3 c 2 ci - C3 (Sx) -03(04) -fc/i- c -i(c 2 ) - c -i(c4) 
• ciA:/i • .-1(04) • c 2 

L 3 


■cAc 2 Cl) 


• khc§ ■ 


C -(C 2 ) 


B 

—? 

cAa) 


c 5 (c 4 ) 
• c 3 (c 2 ) 


cic 3 c 2 c 3 ci - C3 {Sx) - C3 (c 4 ) -kh- c -i(c 2 ) ■ C -A c i) 
■ cikh • .-1(04) • c 2 

L 3 


•c 3 (c 2 C 4 ) 


■ khc$ ■ 
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- C5 (c 4 ) • c\c\ ■ c _i c _i(c 2 ) • Cs (Sx) ■ C3 (c 4 ) ■ kh ■ c -i(c 2 ) ■ c -i(c 4 ) ■ c 3 (c 2 c 4 ) ■ khc 5 ■ 

C "l (C2) • C 5 (C4) • C 3 (C2) • Clfc/l • c -l (C 4 ) • C 2 

A C5 (c 4 ) • fc/ic 5 ■ c _i c -i(c2) • c 3 (Sx) • C3 (c 4 ) • kh • c -i(c 2 ) • c -i(C4) • c 3 (c 2 c 4 ) • fc/tc 5 • 

c -l (C 2 ) ■ c 5 (C 4 ) • c 3 (C 2 ) • Clfc/l • c -l (C 4 ) ■ C 2 

- C5 (c 4 ) ■ fc/l ■ -1 -1 (c 2 ) • C3 (fa) ■ C3Cr> (c 4 ) • fc/l ■ -1 (c 2 ) ■ c 4 c 5 • C3 (c 2 c 4 ) ■ fc/ic 5 • -1 (c 2 ) ■ 
c 5 ( c 4) • c 3 (c 2 ) • cikh ■ c -i(c 4 ) • c 2 

~ C5 (c 4 ) • • c -i c _i(c 2 ) • C3 (fa) ■ C3C5 (c 4 ) • kh ■ c -i(c 2 ) • c 4 • C3C5 (c 2 c 4 ) • C5 (fc/i) • c\ • 
c -i(c 2 ) • C5 (c 4 ) • C3 (c 2 ) • cifc/i • c -i(c 4 ) • c 2 

~ C 4 ' c^ 1 (cs ( c 4) ' kh ■ c -i c -i (c 2 ) • C3 (fa) ■ C3C5 (c 4 ) ■ fc/i • c -i (c 2 )) • C3C5 (c 2 c 4 ) ■ C5 (fc/l) • 
c| • c -i(c 2 ) ■ C5 (c 4 ) • C3 (c 2 ) • cikh ■ c -i(c 4 ) • c 2 

~> c^UC^) • ^ • cr i c -l(c2) • c 3 (fa) • c 3 c 5 (c 4 ) • fc/l • c -i(c 2 )) • C3C5 (C 2 C 4 ) • CB (fcft) • 
C\ - Ci -i(c 2 ) - C5 (C 4 ) - C3 (C 2 ) -Cifc/l- c -l(c 4 ) -C 2 C 4 

^ c -i(c 5 (c 4 ) • fcft • Ci -i c -i(c 2 ) • C3 (fa) • c 3 c 5 (c 4 ) • fc/l • c -i(c 2 )) ' c 3C5 (c 2 C 4 ) • C5 (fc7l) • 

c| • c -i(c 2 ) • C5 (c 4 ) • C3 (c 2 ) • cifc/i • c -i(c 4 ) • c 4 c 2 

-5- C 2 • c -i(c 5 (c 4 ) • fc/l • c -i c -i(c 2 ) ■ C3 (S x) ■ C3C5 • kh ■ c -i (c 2 )) • C3C5 (c 2 c 4 ) • C5 (fc/l) • 
c 5 ' c- 1 ^) • c 5 (c 4 ) • C3 (c 2 ) • cikh ■ c -i(c 4 ) • c 4 

~ c 2 ( c -i (c 5 (C 4 ) • fc/l • Ci -l c -l (C 2 ) ■ C3 (fa) ■ C3C5 (C 4 ) • fc/l • c -i (C 2 )) • c 3 c 5 (C 2 C 4 ) ■ C5 (fc/l)) ■ 

c 2 c| ■ c -i(c 2 ) ■ C5 (c 4 ) ■ C3 (c 2 ) ■ cikh ■ c -i(c 4 ) • c 4 

->• C2 (cj 1 (cs (C 4 ) • fcft • cr i c -i (C 2 ) • C3 (fa) • C3C5 (C 4 ) • fcft • cr i (C 2 )) • C3 C5 (c 2 C 4 ) • C5 (fc/l)) • 

c 2 c| ■ c -i(c 2 ) ■ C5 (c 4 ) • C3 (c 2 ) • C].fc/l • C 4 C 3 

~ c 2 ( c -i (c 5 (C 4 ) • fc/l • Cj -i c -i (C 2 ) ■ C3 (fa) ■ C3 c 5 (C 4 ) ■ fc/l • cr i(c 2 )) • c 3 c 5 (C 2 C 4 ) ■ C5 (fc/l)) • 
C 5 • c 2 c^( C ^) • c 5 ( c 4) • C 2 ■ c 3 (c 2 ) ■ Clfc/l • C 4 C 3 

^ C2 (c- 1 (c B (C4) • fe/l • c -i c -i (C 2 ) • C3 (fa) • C3C5 (C 4 ) • fc/l • or l(c 2 )) • c 3 c 5 (C 2 C 4 ) • C5 (fc/l)) • 
C 5 ' cac- 1 ^) • cs( c 4) • C 3 C 2 ■ C x kh ■ C 4 C 3 

~ c 2 ( c -i ( C6 (C 4 ) • kh ■ c -l c -l (C 2 ) • C3 (fa) • C3C5 (C 4 ) • kh ■ c -i (c 2 )) • c 3 c 5 (c 2 c 4 ) • C5 (fc/l)) • 
C2C -i(c 2 ) ■ c|(c 4 ) • CgC 3 C 2 • C]fc/l • C 4 C 3 

~ c 2 ( c -i (c 5 (C 4 ) • &ft • Ci -l c -l (C 2 ) ■ C3 (fa) ■ C3C5 (C 4 ) ■ fc/l • cr i(c 2 )) • c 3 c 5 (C 2 C 4 ) ■ C5 (fc/l)) ■ 
cacr 1 ^) ' 4^ ' C 5 C 3 ■ cj 1 ^) ' c l kh ■ c - X ( C 4) 

c 2 (c- 1 (c 5 (C4) ■ kh ■ c -i c -i (c 2 ) • C3 (fa) ■ C3C5 (c 4 ) ■ fc/l • Ci -i (c 2 )) ■ c 3C5 (c 2 c 4 ) • C5 (feft)) • 
c 2 c 1 - 1 ( C2 ) 'c|( c 4) ■ cikh- c -i(c 2 ) ■ cikh • c -i (c 4 ) 
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After suitable conjugations, we simplify the long conjugations highlighted above 
to acquire the following word with 24 right handed Dehn twists. 

~ -i (ca) ■ -i(kh) ■ -i -i -i(c-i) ■ -i (Sx) ■ -i (ca) ■ -i(kh) ■ 

c 4 c 5 V *J e 2 c 4 V I c-zc^ c 1 c 3 \ z / c 2 e 4 c 3 V I c 2 c 4 C3C5V c 2 c 4 V / 

C2Ci -i(c 2 ) • c 2 c 3 c 5 (c2C4) • C2 c 5 (A:/i) • C2Ci -i(c2) • c 3(c 4 ) • cifcft • c -i(c 2 ) • cife/i • c -i(c 4 ) 

Using a hyperelliptic signature formula for genus two Lefschetz fibration or by 
simple checking, we determine that 18 of these Dehn twists are along nonseparating 
and 6 are along separating curves. Notice that each lantern relation introduces one 
separating vanishing cycle. 

□ 

Now we give a proof of main Theorem 1171 

Proof. Let X be the symplectic 4-manifold obtained from /T3#2CP 2 by applying 
six lantern relation as in Lemma Q1J] above. Using Lemma [TU1 we compute that 

e(X) = e(X3#2CP 2 ) - 6 = 26 - 6 = 20, 
(j(X) = o-(if3#2CP 2 ) + 6 = (-18) + 6 = -12. 

Freedman's theorem (cf. [15]) implies that X is homeomorphic to 3CP 2 #15CP 2 , 
once we show that iri(X) = 1. 




Let us denote a regular fiber of the genus two Lefschetz fibration on X as £2 an d 
the generators of fundamental group of S 2 as c\, c 2 , C3, c 4 , and C5. We continue to 
use the notation of the Figure by choosing a base point p as in £2 as in Figure |U 
From the long exact homotopy sequence (see, for example[20). page 290), we deduce 
that 

7n(£ 2 ) — >7n(X) -^MS 2 ) = 1 

Moreover, iti(X) is finitely presented group and generated by the images of the 
standard generators, which we again denote by c 4 , C2, C3, c 4 , and C5, under the 
surjection map. Furthermore, the loops j3\, fa, fa, faz, fai on the regular 
fiber are all nullhomotopic in iri(X), where fa, fa, fa, ■ ■ ■ , fas,, fai are the curves 
corresponding to 24 Dehn twists Di of the genus two Lefschetz fibration on X given 
below 
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Di = -i (cA D 2 = -i(k), D 3 = -i(h), D 4 = -i -i „-i(c 2 ), D 5 = -i (5), 

1 C 4 C5 V ' ^ C2C 4 V / ' ° C2C 4 V / 3 * C2 C 4 C x C3 V ^ / ' C2C 4 C3 V / 5 

D 6 = -1 (x), L> 7 = -1 (c 4 ), L> 8 = -i(fc), D 9 = -i(h), D 10 = -i(c 2 ), 

u C2C 4 C3 V / ' ' C2C 4 C3C5 V */ ' C2C 4 V / ' J C2C 4 V / 7 J-U C2Cj \ 

011 = 03^^(02), D12 = C 2 C 3 C 5 (C4), Z?13 = c 2 c 5 (fc), Di4 = C2C5 (h), D15 = C2C -i(c 2 ), 
L>i6 = c 3(c 4 ), D17 = Cl, Dis = fc, Dig = h, D20 = c -i(c2), 
£>2i=ci, D 22 = k, D 23 = h, D 2 4 = c -i(c 4 ). 

We observe that /3 2 i = 1 in 7Ti(X), implies that ci is trivial element in 7Ti(X). 
Using /3io = /320 = 1, wc obtain c 2 and C3 are trivial in 7i"i(_X"). Furthermore, 
the relations /3s = /?22 = P23 = /324 = 1 impliy that the elements C4 and C5 are 
null-homotopic and thus X is simply connected. 

Using the blow up formula for the Seiberg-Witten function |17j . we have SW K3 ^ 2 cp 2 
= SW K 3 -Yl 2 J=1 {e E ' +e~ Ei ) = (e El +e- El )(e E2 +e~ E2 ), where E % is an exceptional 
class coming from the i th blow up. Consequently, it follows from this formula, the 
set of basic classes of i4T3#2CP 2 are given by ±E\ ± E 2 , and the Seiberg-Witten 
invariants on these classes are ±1. Moreover, after performing two rational blow- 
downs along a copy of the configuration C 2l the resulting manifold is diffeomorphic 
to K3 by Lemma [TH Thus, the only basic class is the zero class, which descends 
from the top classes ±(#1 + E 2 ) in if 3#2 CP 2 . Next, using the Corollary 8.6 in [To] , 
we observe that X has Scibcrg-Witten simple type. Furthermore, by applying The- 
orem [TTJ and Theorem 1121 wc completely determine the Scibcrg-Witten invariants 
of X using the basic classes and invariants of K3: Up to sign the symplectic mani- 
fold X has only one basic class which descends from the canonical class of K3. By 
Theorem [121 or Taubcs theorem [26] the value of the Seiberg-Witten function on 
these classes, ±Kx, are ±1. 

Alternatively, we can determine the Seiberg-Witten invariants of X directly by 
computing the algebraic intersection number of the classes ±E± ± E 2 , with the 
classes of —4 spheres of six C 2 configurations. Observe that these —4 spheres are the 
components of the singular fibers of if3#2CP 2 . Furthemore, by considering three 
regions on the genus two surface, where the rational blowdowns arc performed (see 
Figures [6] and [7]), and the location of the two points where we did blow up the genus 
two pencil (see Figures [3] and [4} , we compute the intersection numbers as follows: 
Let S denote the homology class of —4 sphere of C 2 . We have S ■ E\ = S ■ £2 = 1. 
Consequently, S ■ ±{E\ + E 2 ) = ±2 and S ■ ±(-Ei — E 2 ) = 0. Since among the 
four classes ±E\ ± E 2 only E\ + E 2 and —{E\ + E 2 ) have intersection ±2 with 
—4 spheres of C 2 , it follows from Theorem [TTJ that these are only two classes that 
descend to X. 

Next, we apply the connected sum theorem for the Seiberg-Witten invariant 
and show that SW function is trivial for 3CP 2 #15CP 2 . Since the Seiberg-Witten 
invariants are diffeomorphism invariants, we conclude that X is not diffeomorphic 
to 3CP 2 #15CP 2 . 

The minimality of X follows from the the fact that X has no two basic classes 
K and K' such that (K - K'f = -4. Notice that (K x - {-K x )) 2 = A{K X 2 ) = 16 
in our case. 

□ 



LANTERN SUBSTITUTION AND NEW SYMPLECTIC 4-MANIFOLDS WITH b 2 + = 3 15 



Theorem 20. There exist an infinite family of irreducible symplectic and an in- 
finite family of irreducible non- symplectic pairwise non-diffeomorphic 4-manifolds 
all homeomorphic to X. 

Proof. We will use both the branched cover and the fiber sum descriptions of 
A'3#2CP 2 given as in Lemma and Proposition [7] to show that X contains at 
least two disjoint tori that are disjoint from the singular fibers of genus two Lef- 
schctz fibration on A"3#2CP 2 over S 2 . These tori descend from Gompf nucleus 
of E(2) = A3 (See Example HJ), and survive in X after the rational blowdowns 
along C*2. Let us explain this more precisely. First, note that according to the 
proof of Lemma [6] any genus two fiber, which arises from a two-fold cover of the 
sphere h — ei, meets the torus a x b descending from an elliptic fiber of A3 at 
two points. Let /i, • ■ ■ , fe denote the singular fibers of the genus two fibration 
on A3#2CP 2 upon which we performed six rational blowdowns along C2. Con- 
sider the tubular neighborhoods of these singular fibers in the manifold A'3#2CP 2 . 
Thus, we can assume that the rational blowdown surgeries have no effect on outside 
these neighborhoods. The normal disks to /1, • • • , fe ai" e denoted in Figure as 
5\, ■ • • ,dg. Next, we choose a rim circle fj, away from these tubular neighborhoods. 
The rim tori that are not affected by six rational blowdowns are /x x a and /] x i 
(Figure [9]). Note that each of these tori has a dual sphere of self-intersection —2, 
arising from the dual circles b and a (See Example [9]). These tori are Lagrangian, 
but we can perturb the symplectic form so that one of them, say T = /i x a becomes 
symplectic. Hence, we have a symplectic torus T in X of self-intersection such 
that ~K\(X \ T) = 1. By performing a knot surgery on T, inside X, we aquire an 
irreducible 4-manifold Xk that is homeomorphic to X. By varying our choice of 
the knot A , we can realize infinitely many pairwise non-diffeomorphic 4-manifolds, 
cither symplectic or nonsymplcctic. □ 




Figure 9. The Rim Tori in X 



Remark 21. Let X(m) denote the symplectic 4-manifold obtained from 7\3#2CP 2 
by applying m copies of the lantern substitutions, performed in the order given as 
in Lemma HH where 1 < m < 5. Using Gompf's result [14] and [15j we observe 
that X(l) and X(2) arc diffcomorphic to A3#CP 2 and K3 respectively. Similarly 
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as in Theorem IT?] we show that X(m) is an exotic copy of 3CP 2 #(21 — m)CP 2 
for 3 < m < 5. Moreover, the knot surgery on torus yields the infinite family of 
symplectic and non-symplectic irreducible 4-manifolds all homcomorphic but not 
diffcmorphic to 3CP 2 #(21 — m)CP 2 . We leave the details to the reader as an 
exercise. 

Remark 22. In our preprint [4], we generalize the construction given in this paper 
to the following three well known familcs of Lcfschctz fibrations (for an arbitrary 
<?)■ 

Tx(g) = (ciC 2 ■ ■ • C2g-lC2gC 2g+ l 2 C2gC2g-l ■ ■ ■ C 2 Ci) 2 = 1, 

(2) r 2 (.g) = ( Cl c 2 ..-c 29 c 2s+1 ) 2 s+ 2 = l, 

r 3 (3) = (c 1 c 2 ---c 2s _ 1 c 2ff ) 2 ( 2 «+ 1 ) = 1. 

Applying the generalized lantern and daisy relations on these words, we obtain 
a various exotic symplectic 4-manifolds. We also compute their Seiberg-Witten 
invariants, and show our examples are symplcctically minimal. 
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